
63

Journal of Applied Mathematics, Statistics and Informatics (JAMSI), 5 (2009), No. 2

IMPLEMENTATION OF THE FIRST ORDER

CONTROL SYSTEM

ŠTEFAN CHAMRAZ AND RICHARD BALOGH

Abstract

Lectures for the Computer Architecture are conceived to get the students acquaint with the
architecture and basic properties of the computers in general with emphasis to the basic building

components and their properties. We created a set of closely interconnected lessons and exercises
on the embedded systems. The idea of lectures is to show an implementation issues and to show

an interconnection between the theory and practice. The basic ideas of the lectures and our

experiences from its application are presented. We also present the problems with the digital
implementation of the continuous controller, proper choice of the sampling period and replacing

the output D/A converter with a PWM signal generator. Results and the comparison of the

measured parameters with theoretical ones are presented.
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1. INTRODUCTION

Computer Architecture course is the part of the bachelor studies at our faculty
for many years. Few years ago we adapt them significantly in order to make them
appropriate for the majority of the students. Lectures are conceived to get students
acquaint with the basic properties of computers in general with emphasis to basic
building components and their properties. This is closely associated with possi-
bilities of its practical use. In the higher level studies students are pointed more
to the theoretical topics of the control systems analysis and synthesis, often with
missing connection between the theory and practice: how to implement the control
algorithms in the embedded microcomputer. Therefore we created a set of closely
interconnected lessons and exercises on the embedded systems. The idea of lectu-
res is to show an implementation of the digital PS controller based on single chip
micro-controller Atmel AVR with RISC architecture [Turley 1997]. Besides to the
controller algorithm itself we implemented also the algorithms for manual and au-
tomatic control, local and remote parameter adjustments, event logging and control
system upgrades. As the hardware base it was used the school evaluation board
called MiniMexle [Pospiech et al. 2006]. Its use was mentioned also in [Balogh
2008]. See also simmilar topics in [Lodge 2002].

Presented problem should also answer the following questions for students:
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Fig. 1. Model of the controlled

system.

—What is the reason to have different memory types and areas in the microcom-
puter (RAM, EEPROM, FLASH, boot section, application section, etc.)?

—What are the purposes of the interrupt subsystem, embedded timers and counters
(RTC, watchdog, PWM), serial interfaces (UART, TWI, SPI)?

—How to use embedded A/D and D/A converters?
—Why do we need all of them, when the control algorithm itself requires only few

registers and some mathematical operations?

In this article we will show details of the interconnection between the real A/D
converter and its sampling rate. Another focus will be on the replacement of the
D/A converter with the internal PWM generator. The overall concept of the lecture
is to bring the students from the theoretical design and simulation of the controller
to the real (and operating) application. Also we try to break the idea that digital
control system is not so good as corresponded analogue circuit.

Requirements on the final application take into the account the implementation
on the 8-bit single chip micro-controller:

—Range of the controlled voltage 0 – 5 V.
—Required precision better than 1%.
—Controlled voltage ripple less than 5 mV.
—Elimination of disturbances.

The last requirement will be mentioned just marginally. Major part of the the-
oretical works assumes simply addition of the disturbance to the system output and
it does not change the system dynamics. In our system the disturbance (change of
the output load) not only that changes the output voltage, but also influences the
overall characteristics of the system, including its dynamic behavior.

2. THE MODEL OF THE SYSTEM

2.1 Controlled System

The controlled system is the simplest first order system created by the resistor and
capacitor (see Fig. 1). Our goal is to control the capacitor voltage. At this moment
we control the system without any additional load on its output.

The values of R = 10 kΩ and C = 50µF were selected. For these values, corres-
ponding time constant T = RC is 0.5 s. Transfer function of such system is

S(s) =
K

sT + 1
=

1

1 + 0.5s
(1)

We do not describe here the selection of the R and C values, but their choice is
limited e.g. by the maximum output current available, maximum frequency on the
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Fig. 2. Measured step response of the system. Scope CH1 (blue) 5V/div, CH2 (red) 1V/div,
Time base 200 ms/div. Measured T63 = 492.0 ms

inputs of the A/D converter of the micro-controller, input impedance of the A/D
filter and other factors.

2.2 Parameter Identification

Implemented manual control mode was used also for verification and identification
of the system. Measured data were captured using an oscilloscope (see Fig.2) and
the time constant and gain were measured.

Real parameters of the system measured from the step response of the system
were very close to the theoretical values.

3. CONTROLLER DESIGN

3.1 Continuous PI Controller

From the classical control theory point of view, our goal corresponds with the
continuous control system with PI controller (see Fig. 3). This figure (and also the
following ones) are displayed with „physical ” quantities – figure contains also the
ranges for inputs and outputs. The transfer function of the PI controller is

R(s) = KR

(

1 +
1

TIs

)

(2)

Parameters for the controller were designed using the inverse dynamics method as
following: KR = 1[–] and TI = 0.5[s].
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Fig. 3. Continuous control system.

Fig. 4. Digital control system.

This corresponds to the following continuous version of the controller:

PI : m(t) = m0 + KR

(

e(t) +
1

TI

∫ t

0

e(τ)dτ

)

; e(t) = w(t) − y(t) (3)

3.2 Transformation to the Discrete Version

Of course we cannot implement continuous system in digital micro-controller, so
we need to replace the equation (3) with a discrete one. We have to replace the
integral with a sum using e.g. backward or forward rectangle method [Balátě 2004].
Of the above will result in following PS controller equation:

PS : m(nTv) = m((n − 1)Tv) + m0 + KR

(

e(nTv) +
Tv

TI
e((n − 1)Tv)

)

;

e(nTv) = w(nTv) − y(nTv) (4)

These equations are the minimal part of the PS controller program. They are
stored in a program memory (FLASH), parameters of the controller in the perma-
nent data memory (EEPROM). If we want to modify the control algorithm, we can
use the uploader in a boot-loader area of the program memory.

The control system was implemented according to the Fig. 4, which assumes using
the A/D and D/A converters. The figure emphasizes the discretization in amplitu-
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Fig. 5. Digital control system - signal delays.

de, but it is better to redraw the figure to emphasis the discretization in time (see
Fig. 5), because the digital correction system is implemented on micro-controller
with Harvard architecture with glimpses of the parallelism. Micro-controller can
perform pipelining, some activities can be done independently. Even with this
advantages it is still a serial machine, so the processing of the control algorithm,
together with utilities takes certain amount of time which is not necessary cons-
tant. The time delays influence the overall system stability. Stability is influenced
by the sampling period and the relative shift of the output. External manifestation
of both of them is the time lag.

Based on this we will assume both the discretization in amplitude and in time.
We will use the pulse component with the sampling period Tv and relative shift ε.

3.3 Sampling period

We use the internal 10-bit A/D converter integrated on the AVR chip with a 5.000 V
voltage reference VREF . Its LSB corresponds 5 [V]/1024 = 4.88 [mV]

.
= 5 [mV]. The

value of the VREF indirectly determines also the range of measured and controlled
quantities. Strictly from the technical point of view, the VREF = 2.56 V is more
appropriate, but this required more complicated hardware arrangement.

We cannot control more precise than we can measure. The maximum theoretical
precision of the control is 5 mV. Taking to the account all the imperfections of the
successive approximating A/D converter this is sufficient to achieve the required
1% precision.

3.3.1 Design of the sampling period. From the theory and literature we have
many possibilities (see also [Chamraz 2008]):

a) According to the Shannon Sampling Theorem (indirectly assumes the overall
gain of the open-loop system to be KKR = 1) the maximum frequency is

ωR = ωN =
1

T
=

1

0.5[s]
= 2 [rad s−1]

This value corresponds with the maximum period of the oscillations TR = π [s] and
maximum allowed sampling period Tv = π/2

.
= 1.57 [s].

b) Empirical rule saying that Tv should be 1
6 ÷

1
10 of the maximum time constant

(again assuming the open loop gain 1). This rule gives Tv = T
10 = 0.5

10 = 0.05 [s].
c) Rule of thumb (often used in literature).
d) Now consider the discretization in amplitude. For maximum allowed change
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Fig. 6. Choice of the minimal

sampling period.

of the controlled value (5 mV) we can determine the maximum change of y(t), i.e.
its derivation

dy(t)

dt
=

5[V]

0.5[s]
= 10.0 [V s−1]

We can assume, that if during the sampling period Tv measured value will change
less than 5 mV, we will be under the resolution of the A/D converter (see Fig. 6).

Directly from the Fig. 6 we have

Tv

T
=

5[mV]

5[V]
⇒ Tv = 0.5[s]

5[mV]

5[V]
= 0.5[ms]

e) Let Tw is a desired control dynamics and relative offset of the action is ε = 1.
It is possible to show that when we design the PS controller that it’s sampling
period satisfies condition

Tv ≤ 0.22Tw. (5)

Then the transient process will correspond to the 2nd order system with the
max. overshoot less than 1% (considering the equality in (5)). The settling time
will be treg

.
= 2.84Tw +εvTv. The sampling is not necessarily synchronized with the

control step. If the relative offset of the action is ε = 0, then the transient process
will come near to the first order system and it will take longer time treg

.
= 5Tw.

We can choose the control dynamics equal to the time constant of the system:
Tv ≤ 0.22Tw = 0.22 · 0.5 = 0.11 [s], and it is more than the minimal value.

When comparing results of the a) and b) the ratio of these values is more than
30. In this article we use the value Tv = 0.11 [s] with the relative offset ε ∈<0, 1).

The answers to the questions „Why Tv = 0, 22Tw = 0, 11[s], why it is an advanta-
geous to choose ε = 1, why the PS controller algorithm has an equation (4)?” are
beyond the limits of this article. We just outline here that controller algortihm im-
plemented by the computer can be viewed as a spectrum converter with a time lag.
Here we just use the modified results from the [Chamraz 2008], which is an answer
to the students questions about the different methods of numerical integration and
different methods for proper choice of the sampling period.
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Fig. 7. a) Parameters of the PWM signal. b) PWM ideal transfer function.

It should be noted that we determine the sampling period from the point of view
of the control algorithm. For the conversion we set the A/D converter clocks. The
conversion consists of the two basic phases – sampling (takes about 1.5 cycle), and
conversion (takes 13 cycles). Sampling circuit is principally a capacitor with the
capacity approx. 20 pF. This capacitor must be charged (resp. discharged) during
the sampling phase through a set of resistors. This limits the maximum frequency
fADC of the A/D conversion. Maximum fADC according the datasheet [Atmel 2007]
is 200 kHz. This can be also used to estimate the maximum sampling frequency.

Note also that half of this frequency should not be considered as the maximum
frequency which can occur at the input to the A/D converter.

Note: PS controller, transformed from the PI controller, behaves like a system
with variable time lag. Controller output is "breathing". This phenomenon is called
jitter [Martí et al. 2001]. Impact of the variable time lag we eliminated with the
above limitations for Tv.

3.4 Substitution for the D/A converter: PWM

The micro-controller used in this project contains a built-in A/D converter with
a multiplexer, but it lacks of a D/A converter. To manage this problem we will
use the internal PWM generator instead. Pulse-width modulation (PWM) uses
a square wave whose pulse width is modulated resulting in the variation of the
average value of the waveform. PWM signal (see Fig.7a) has a repeating period
TOP and τ is the time when the output is active. During the time (TOP − τ) is the
output inactive (log. 0). The ratio

pl =
τ

TOP
, pl ∈<0, 1)

is called duty cycle.
Fig. 7b shows the ïdeal"transfer characteristics of the PWM block, where m(t) =

mSTR represents the median value of the PWM signal. The gain of this block is

KPWM =
5 [V]

1 [−]
= 5 [V]

Internal structure of the controller corresponding to its proportional part is shown
at the Fig.8.
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Fig. 8. Overall gain of the controller.

If we assume just P controller with gain KR = 1, this value corresponds with the
gain KRpl = pl [−]/e [V] of the value KRpl = KR

KP W M
= 1

5 = 0.2[V−1].
From the Fig. 7b it is clear, that PWM is a non-linear block. Its output will be

limited 0 ≤ m(t) < 5 [V].

3.5 PWM frequency

We assumed the PWM output as an analogue value. To satisfy that we need to
filter out the high frequency components of the signal m(t) and to remain only the
DC component. That requires:

—to add a filter between the processor and a controlled system, or
—such a design of the entire circuit that system itself filters the signal.

The second approach was used, PWM signal is filtered by the system itself.
The Fig. 9 shows the PWM signal with a duty cycle of 25 % as measured directly

on the processor (blue) and after (insuffucient) filtering by the system (red). The
voltage ripple is 240 mV. PWM period is 131 ms, TON is 31 ms, TOFF is 100 ms.

3.5.1 Design from the frequency characteristics. If we choose the frequency of
the PWM signal ωOP = 10T−1 = 20 [rad.s−1] then oscillations with a frequency
ωR = 2 [rad.s−1] will be supressed 10 times. This corresponds to the PWM period
(see. Fig.7a)

TOP =
2π[rad]

20 [rad.s−1]

.
= 0.31 [s]

When the PWM frequency ωOP = 200 [rad.s−1], then oscillations with a frequ-
ency ωR = 2 [rad.s−1] will be suppressed 100 times. This corresponds to the PWM
period

TOP =
2π[rad]

200 [rad.s−1]

.
= 0.0314 [s] .

= 30 [ms].
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Fig. 9. 25% PWM signal on the oscilloscope. Scope: CH1 (blue): 5V/div, CH2 (red): 100mV/div,

Time Base 50ms/div. ATmega88 parameters: Timer 1, Mode PWM, Phase Correct, 10-bit,
Prescaler 1:1024, OCR1A = 255, internal 8MHz RC oscillator used.

Fig. 10. Design of the PWM
frequency from the frequency

characteristics.

3.5.2 Validation using the maximum ripple of the controlled value. Let’s suppo-
se that we use the above value TOP = 30 [ms]. Let the PWM duty cycle is at 0.5
(see Fig.11). The theoretical steady-state value is 2.5 V. During the log.1 the signal
exponentially increases up to the maximum with the time constant T = 0.5 [s].
During the log. 0 it decreases with the same time constant to 0 V. The ratio
TOP /2

T = 15 [ms]
0.5 [s] = 30 is relatively large number, thus we can replace exponentials

with lines.
To determine the real ripple value we state from the Fig. 11, where Vmax = 5 [V]

Vmax − (mSTR(t) − ∆)

2∆
=

T

TOP /2
=

0.5 [s]
15 [ms]
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Fig. 11. Maximum ripple of the controlled value (not in scale!).

Its solution is 2∆
.
= 77 [mV], and this is more than 15 LSB of the A/D converter.

It is necessary to redetermine the TOP such that LSB/2 = 2.5 [mV]

2.5 V + (LSB/2)

LSB
=

0.5 [s]
TOP /2

with solution for TOP
.
= 2 [ms]. The closest possible smaller value, if possible,

we set according the properties of the used timer/counter. Similarly as for the
frequency of the A/D converter, we are not able to set the frequency of the PWM
signal to any value, just to the certain particular values depending on the selected
timer mode and oscillator and pre-scaler settings.

4. EVALUATION AND EXPERIMENTS

The above theoretical analysis was first verified using the Matlab/Simulink. The
model of the system, analogue PI and discrete PS controllers were created. Quan-
tization in amplitude was also assumed. The PWM block was simulated in 8-bit
mode.

From the Figures 3, 4, 5 it is clear that disturbances are easily simulated on the
input or output of the system. Theoretically it is possible to make the step change
of the disturbances at the input of the system, but practical implementation would
probably be difficult. We will move closer towards to the reality and rather simulate
the disturbance as a change of the output load. Parallel to the capacitor, the resistor
of the value 20 kΩ is connected. Note that this also changes the gain and the time
constant of the controlled system.

Control algorithm was written in C language, programmed into the microcompu-
ter and tested. Real controller has added funcionality compared to the MATLAB
simulation. We added functions like the Anti-reset WindUp (ARW), manual mode
etc. All the calculations were performed in an integer arithmetic. The results are
very close (identical) to the results of the simulations in MATLAB.
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Fig. 12. Simulation results - step change of the setpoint. Red: PI continuous controller (KR = 1

and TI = 0.5 [s]), blue: PS controller transformed from PI, ε = 0, green: PS controller transformed
from PI, ε = 1.

4.1 Design of the Controller for step change of the setpoint

Parameters of the PS controller were set to the following values: KR = 1 [−],
TI = 0.5 [s], Tv

.
= 0.11 [s], ε = 1 [−], TOP = 2 [ms]. Fig. 12 shows the results for the

step change of the setpoint value from 0 to 3 V and later back to 1 V.

4.2 Design of the Controller for step change of the disturbance

Because the controller is designed for the setpoint step change, its properties are
not optimized also for changes of the disturbance. If there is a requirement for
the proper operation also at changing disturbances, it is necessary to design the
controller with two degrees of freedom to increase the loop dynamics. This can be
achieved with increasing the proportional gain to KR = 3 [−] and decreasing the
sampling period Tv

.
= 0.037 [s].

Simulation on Fig. 13 shows increase to the value of 3 V without additional load.
At the time t = 3 s, the parallel 20 kΩ resistor was added at the output and at the
time t = 6 s it was again removed. Full line correspondents to the settings for the
setpoint step change, dotted line for changes of the load (disturbances).

5. CONCLUSION

The concept was tested during the laboratory exercises on the CAD of Control Sys-
tems lectures at the FEI STU during the winter semester in the 2008. The system
was implemented on the evaluation board MiniMexle with the Atmel ATmega88
processor. We used the AVR Studio with GNU avr-gcc compiler, and programs we-
re written in C language. For visualisation we use the StampPlot software [Hebel
and Devenport 2006], [Hernandez 2009], which can plot diagrams on-line, from the
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Fig. 13. Simulation results - step change of the setpoint and disturbances. Red: PI continuous

controller (KR = 1 and TI = 0.5 [s]), blue: PS controller designed for disturbance, KR = 3, Tv =

0.037 [s] and ε = 0, green: PS controller designed for disturbance, KR = 3, Tv = 0.037 [s] and

ε = 1.

Fig. 14. Control process as measured on the oscilloscope. Scope: CH1 (blue): 5V/div, CH2 (red):

1V/div, Time Base 1 s/div. ATmega88 with internal RC oscillator 8 MHz used. First step is from

1V to 4V (ε = 1), second one from 4 V to 1V (ε = 0).



75

IMPLEMENTATION OF THE FIRST ORDER CONTROL SYSTEM

Fig. 15. Student’s measurement on the system.

Fig. 16. Evaluation board with implemented system.

data arrived from the serial communication interface. The students were not very
excited, considered the presented topic too difficult, without any visible connection
to another lectures they already passed.

From the simulation it is clear that the controller with two degrees of freedom
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has better quality properties. The improvements were achieved by the changes of
the sampling period and the gain of the controller. This should motivate students
to study more consistent and lead to the recognition of the fact that everything
can be calculated. Even the sampling period. If the calculated values are correctly
implemented in microcomputer we obtain satisfactory results.

All the study materials for the students are available on-line [Balogh 2009].
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