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Abstract 
 
In the present paper, we study and develop the generalized fractional differential operators introduced by Saigo 
[6]. First, we establish two theorems that give the images of the multivariable H – function in Saigo operators. 
On account of the general nature of the Saigo operators, H-function of two variables and also of the 
multivariable H – function, a large number of new and known theorems involving Riemann – Liouville, Erdélyi 
– Kober fractional differential operators and several special functions notably generalized Wright 
hypergeometric function, Mittag –Leffler function , Whittaker function and Bessel function follow as special 
cases of our main findings. The important results obtained by Kilbas [1], Kilbas and Sebastian [3] and Saxena, 
Ram & Suthar [7] follow as special cases of our results. 
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1. INTRODUCTION 

In this paper, we shall study and develop the following generalized fractional differential 
operators introduced by Saigo [6]. 
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where 0)Re(,C,, ≥α∈ηβα  and ηβαηβα ,,,,
0 , −+ II  known as generalized fractional 

differential operators introduced by Saigo [6]. 
when α−=β ,  the above operators (1) and (2) reduce to the following classical Riemann 

– Liouville fractional  differential operators of order C∈α  )0)(Re( ≥α  [4, p.80, 

Eqs.(2.2.3), (2.2.4) ]: 
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Again, if  0=β   Equations (1) and (2) reduce to the Erdélyi – Kober fractional 

differential operators defined below [ 4, p.109, Eqs.(2.6.35), (2.6.36) ]: 
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The H-function of r complex variables r21 z,z,z K  was introduced by Srivastava and 

Panda [9]. In this paper we shall define and represent it in the following form [8, p.251, 
Eq. (c.1)] :   
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The nature of contours r1 L,...,L  in (7), the various special cases and other details of  the 

above function can be found in the book referred to above. Also, it is assumed throughout 
the present work that this function always satisfy the appropriate existence and 
convergence conditions of its defining integral  [8, pp.252-253, Eqs. (c.4-c.6)]. 
 
2. PRELIMINARY RESULTS  

          The following lemmas will be required to establish our main results.  
Lemma 1 [ 3, p.327, Eq.(22) to (25) ]:  Let C,, ∈ηβα  be such that  
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Lemma 2  [ 3, p.328, Eq.(26) to (29) ]:  Let C,, ∈ηβα  be such that    
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3. MAIN RESULTS 

 
Theorem 1 :    
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Proof :  In order to prove theorem 1, we first express the multivariable H-function 
occurring in left – hand side of  (18)  in terms of Mellin-Barnes contour integral with the 
help of equation (7) and interchange the order of integration (which is permissible under 

the conditions stated), it takes the following form (say 1Ι ) after a little simplification 
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Finally, applying the lemma 1 representing by equation (11) and reinterpreting the 
Mellin-Barnes contour integral thus obtained in terms of the H-function of  N+2 
variables, we arrive at the right hand side of (18) after a little simplification. 
If we put α−=β   in theorem 1, we arrive at the following new and interesting 

corollary concerning Riemann – Liouville fractional differential operators. 
Corollary  1.1 : 
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*C  and 
*D  are same as given in (18) and the conditions of existence of the above 

corollary follow easily with the help of  theorem 1.     
Again, if we put 0=β  in theorem 1, we get the following result which is also            

believed to be new and pertains to Erdélyi – Kober fractional differential operators. 
Corollary 1.2 : 
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*C  and 
*D  are same as mentioned in (18) and the conditions of validity of 

aforementioned corollary can be easily obtained from the existence conditions given with 
the main theorem. 
Theorem 2 :  

         ( )x

tz

tz

HtD
r

r

1
1

rN,rM;;1N,1M:N,0

rQ,rP;;1Q,1P:Q,P
1,,





















































ρ−

ρ−

−σηβα
− M

K

K

 

         

















Η=
ρ−

ρ−

+
++

−β+σ
***

***

r
r

1
1

rN,rM;.....;1N,1M:2N,0

rQ,rP;......;1Q,1P:2Q,2P
1

D:B

C:A

xz

xz

x M                                          

(21) 
where  

( ) ( ) ( )
P,1

)r(
j

)1(
jjr1r1

** ,..,;a,,..,;,,..,;A ααρρη−α−σρρβ+σ=  

( ) ( ) ( )
Q,1

)r(
j

)1(
jjr1r1

** ,..,;b,,..,;,,..,;B ββρρη−β+σρρσ=    

*C  and 
*D  are same as defined in (18) and provided that the following conditions are 

satisfied :    

(i)   0)Re( ≥α   and 

                [ ])Re(),nRe(min1
d

Remin)Re( )i(
j

)i(
j

iMj1

r

1i
i η+α−β−+<















δ
ρ−σ

≤≤=
∑                                                                                                                        

(ii) and the conditions (i) and (ii) given with the theorem 1 are also satisfied. 
Proof : The proof of theorem 2 can be develop on the lines similar to those given with 
theorem 1 with the help of lemma 2. 
If we put α−=β  and 0=β   in theorem 2, in succession we shall easily arrive at the 

corresponding corollaries concerning Riemann – Liouville and Erdélyi –Kober fractional 
differential operators respectively. We omit the details. 
 
4. SPECIAL CASES OF THEOREM 1 

(i)  If we reduce the multivariable H-function involved in (18) to the product of r different 

Whittaker functions [8, p.18, Eq.(2.6.7)] and taking iρ =1, we arrive at the following 

new and interesting result after a little simplification : 
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The conditions of validity of (22) can be easily derived from those of (18). 
(ii)  If we reduce the multivariable H-function into the product of two Fox H-function and 

then reduce one H-function to the exponential function by taking 1ρ =1, we get the 

following result after a little simplification:  
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The conditions of validity of the above result easily follow from (18). 

Further on letting 0z1 →    in the above equation, it takes the  form: 
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The conditions of validity of the above result follow easily from the conditions given 
with theorem 1.  
If we put  α−=β   and make suitable adjustments in the parameters, we arrive at a 

known result recorded in the book by Kilbas and Saigo [2,p.55,Eq.(2.7.22)]. 
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Further, if we put 0=β  in the equation (26), we shall easily arrive at the corresponding 

result concerning Erdélyi –Kober fractional differential operators respectively. We omit 
the details.  
(iii)  If we reduce the H-function to the generalized Wright hypergeometric function [8, 
p.19, Eq.(2.6.11) ] in the result given by (24), we get the following interesting result after 
a little simplification. 
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(25) 
The conditions of validity of (25) can be easily obtained from those of (18).   
If we put α−=β   in the above result, we get a known important result given by  Kilbas 

[1, p.119, Eq.(14) ]. 
Again if we put 0=β   in the equation (25), it reduces to 
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(26)  
The conditions of existence of the above result follow easily with the help of (18).  
(iv)  Further, on taking 1,1z 22 =ρ−=  in the equation (24) and reducing the H-function 

occurring therein to generalized Mittag – Leffler function [5], we easily get after a little 
simplification the following result which is also believed  to be new.  
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(27)  
The conditions of validity of the above result follow directly from those given with (18) 
If we put α−=β  in the above result, we get a  known result due to Saxena et al. [7, 

p.170, Eq.(2.6) ].              
If we put 0=β   in the result given by (27), we arrive at the following result after a little 

simplification. 
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(28)  
The conditions of validity of (28) can be easily derived from those of  (18).     
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(v)  if we take 2,
4

z 2

2

2 =ρλ=   and reduce the H-function to the Bessel function of first 

kind in the equation (24), we get  known results obtained by Kilbas and Sebastian [3, 
p.330, Eq.(31) to (35)]. 
A number of several special cases of theorem 2 can also be obtained but we do not 
mention them here on account of lack of space. 
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