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GENERALIZED FRACTIONAL DIFFERENTIATION
OF THE MULTIVARIABLE H-FUNCTION

KANTESH GUPTA AND ALPANA GUPTA

Abstract

In the present paper, we study and develop thergiresl fractional differential operators introdddsy Saigo
[6]. First, we establish two theorems that giveithages of the multivariable H — function in Saimerators.
On account of the general nature of the Saigo opevaH-function of two variables and also of the
multivariable H — function, a large number of newd&nown theorems involving Riemann — Liouville dElyi

— Kober fractional differential operators and seaVespecial functions notably generalized Wright
hypergeometric function, Mittag —Leffler functionWhittaker function and Bessel function follow g=esial
cases of our main findings. The important resultsioed by Kilbas [1], Kilbas and Sebastian [3] @&akena,
Ram & Suthar [7] follow as special cases of ouultss
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1. INTRODUCTION

In this paper, we shall study and develop the falhg generalized fractional differential
operators introduced by Saigo [6].

( “B"f)(X) ( jn( gf+”"‘3'”'“+”'”f)(x) (Re@) =0, n=[Re(@)]+1)
(1)

and

(pe#ne ) (x) = (;Sjn (1 e Pnem £)(x) (Re@) 20, n=[Re(@)]+1)
2

| &A7 1 “F7 known as generalized fractional

where o,,n0OC,Re(@)=0 and
differential operators introduced by Saigo [6].
when3=-qa, the above operators (1) and (2) reduce to thewimg classical Riemann

— Liouville fractional differential operators ofrder aOC (Re@)=0) [4, p.80,
Egs.(2.2.3), (2.2.4) I

(D7) (x) = (DG, F ) (x)

= X f(t)dt )
(dxj r(n-a) 'c[ ) 7 (X>0n=[Re(@)]+1)

®3)
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and (DE7*Nf) (x) = (D?f)(x)

E(;jjrhia)jajgfiﬂ’ (x>0.n=[Re@)] +1)

4
Again, if B:O Equations (1) and (2) reduce to the Erdélyi — é&ofractional

differential operators defined below [ 4, p.109sK#8.6.35), (2.6.36) ]:
(P8.217) 00 = (07 of )

n a+n
x—n(ddxj r(nl—a) I (E( _tl;gt_)itl, (x > 0,n =[Re(@)] +1)
0

%)
and (D201 )(x) = D74 ) )

— n o n
= ) eyl 6> On=Re@1+1)

(6)
..Z, was introduced by Srivastava and

Panda [9]. In this paper we shall define and repreg in the following form [8, p.251,
Eq. (c.1)]:

The H-function ofr complex variable<Z,,Z,,.

oz -
4l faia®,00) 60 y0) el ).,
2, (bj;B(l),---,B,(r))LQ (dj(l,éj(l) ...;(dg”,ég”ﬁmr
e LAl | CIOER
L1 Ly =1
(7)
where(,o—\/(-—]_) and
(1) _ x(0) (i) (i)
0 (&)=—3 |_|r(d ’ E)H b i) 0i0(....r)
r(l d(')+5(')E) I—lr(c(l) y(ji)Ei)

IM"'l j=Nj+

(8)
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|_ﬂ|r(1-aj +ia§‘)£iJ
lIJ(El,---Er)= _ =1 Q|:1 :
j i =1 i=1

j=N+1 i=1

(9)

The nature of contourk ;,...,L, in (7), the various special cases and other dathithe

above function can be found in the book referredtove. Also, it is assumed throughout
the present work that this function always satisfe appropriate existence and
convergence conditions of its defining integral §B.252-253, Egs. (c.4-c.6)].

2. PRELIMINARY RESULTS

The following lemmas will be requireddstablish our main results.
Lemmal] 3, p.327, Eq.(22) to (25) ]. Let,3,nOC be such that

Re(a)20, Re(0)>-min[0, Re(a +B+n)]

(10)
Then there holds the reIaEio)n ( )
aBno-1y (yy = L \O)F(O+a+B+N) gipa
O3 )= ) (x>0)
(11)
In particular, for x>0
(08t (x) = O)_yomut, (Re@) 2 0,Re() >0)
Mo-a)
(12)
(D}at°™) (X :r(r"(;i‘;)”)x“‘l, (Re) 20, Re(0) > ~Re(a +1)
(13)

Lemma2 [3, p.328, Eq.(26) to (29) |: L&, [3,nC be such that
Re@) >0, Re(@©)<l1l+min[Re(B—-n),Re(@ +n)], n=[Re(@)]+1

(14)
e (L-o-p)ri )
a,B.n4o-1 :I'l—o— —o+a+n o+3-1
(D2 (9 ri-o)r(l-o+n-p) X (x>0)
(15)

In particular, for x>0
_ -0+ —q-
(Dot () =T L=0* ) omaa

ri-o)
(D50 t°) () =r(i(_1c_’;i :n)n)xo_l

, (Re@)=0,Re()<1+Re@)-n) (16)

17)
(Re(@)=0, Re()<1+Re(@ +n)-n)
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3. MAIN RESULTS

Theorem 1:
aBn| 40-1 g EN:M1,Ng 5. iMp Ny .
DO t HP!Q :P_I_!Ql eenr Pr,Qr ) (X)
Zrtpr
lepl * *
_ OBy 0 N+2 My N M N | A .C
P+2,Q+2: P,Q1;......] Pr .Qr : * o *
erpr
(18)
Where

“t-apy i Lo-o-bonon.p e,
"=(1-0-Bpyp; )(1—0—r|;pl,..,pr),(bj;gﬁl),_.'BEF))LQ
(1(1),\,](1)) - (fr)’yﬁr) )m
)0,

The sufficient conditions of validity of (18) are
() a,,n,0,z; DCandp, >00i 0{12....,1r}

O 0O W >

(i) argz;| < 1Qinanin >0
2

where

P Q N Qi
Q =- Yal) -3 B0+ y) - ZV(J')+ZB(') 380 >0,0i0{12,..,1}

j=N+1 j=1 j=1 j=Nj+1 j=Mj +1

i) Re@)=0 and

0]
Re<0)+2p. min R{dﬁ)}—min[o, Re(+B+n)]

Proof : In order to prove theorem 1, we first exprelse multivariable H-function
occurring in left — hand side of (18) in termsh\déllin-Barnes contour integral with the
help of equation (7) and interchange the ordent&gration (which is permissible under

the conditions stated), it takes the following fofgay |1) after a little simplification
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J’ J'lpzl, LU { (E) El}dzl """ de, (DGBﬂtOJfDlEl’f Prér - )(X)
(2 ) L1 Ly

Finally, applying the Iemma 1 representing by eiumat(11) and reinterpreting the

Mellin-Barnes contour integral thus obtained inmntsr of the H-function of N+2

variables, we arrive at the right hand side of @®3r a little simplification.

If we put B: —0 in theorem 1, we arrive at the following new ainteresting

corollary concerning Riemann — Liouville fractiorthfferential operators.

Corollary 1.1:

thpl
o o-1 O,NMl,Nl,,Mr,Nr :
0+ HP.Q PLQL ;PO : (X)
tpr
r
pP1
Z]_X * ok
=y 1H 0, N+1:Mq,Ng;.....M,Ny : Al-C
P+1, Q+1 Fﬁ_ Ql ....... ,Pr ,Qr . * *
or|B1:D
zZ, X"

(19)
where
Al =(@1-0;ps,..p; ), (aj : afl) ,....,O(Er) )lp
B

=(l-o+0a;p;,...0, ) (bj;Bil),..,BJ(’) )lQ

C* and D* are same as given in (18) and the conditions @ftence of the above
corollary follow easily with the help of theorem 1
Again, if we put [3:0 in theorem 1, we get the following result which atso
believed to be new and pertains to Erdélyi — Kdlational differential operators.
Corollary 1.2:
thpl
+ o-1440N:M1,N1 ;.. ;Mp, Ny .
Dfl,“ t HP,QiFlle e PrQy ) (X)
Zrtpr

= 301 O N+LIMLNG. M N[ A,:C
P+LQ+1: P,Qp ..o Pr.Qr : B* . D*
2

(20)
where
A, =[1-0-a-n;py,..0, )(a al.. ,a(f))LP

B, =(L-0-n;py..P )( By ’Blr))lQ
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* *
C and D are same as mentioned in (18) and the conditiohwatidity of
aforementioned corollary can be easily obtainethftbe existence conditions given with
the main theorem.

Theorem 2:
O,N:M1,N M¢,N th_pl
agn| so-1 \N:M1,Ng 5. My, Ny .
DZ t HP,Q PLQL R - (X)
zt "™
Zx P,
— o+B—lH 0, N+2 :Mq,Ng;.....Mp Ny : A C
=X P+2,Q+2: RI.!Ql; ....... Pr Qr ’ ** *
~Pr B D
Z,X
(21)
where

A" =(0+Bipy, P ) (0—a =gy ), (aj;a(l),..’agr) )lp
B** = (0'; pl,..,pr), (O'+B—r]; pll__,pr)’ (bj;Bl(l) ’__’Bgr) ):LQ

C* and D* are same as defined in (18) and provided thafdt@wing conditions are
satisfied :

i) Re@)=0 and
r _ d® .
Re (o) —Epi min Re( %)] <1+min[Re(-B-n),Re(@ +n)]

(ii) and the conditions (i) and (ii) given with tlleeorem 1 are also satisfied.

Proof : The proof of theorem 2 can be develop on theslisimilar to those given with
theorem 1 with the help of lemma 2.

If we put B=-a and3=0 in theorem 2, in succession we shall easily arav the

corresponding corollaries concerning Riemann — Giiteiand Erdélyi —Kober fractional
differential operators respectively. We omit théeadls.

4. SPECIAL CASES OF THEOREM 1

(i) If we reduce the multivariable H-function invotl& (18) to the product of r different
Whittaker functions [8, p.18, Eq.(2.6.7)] and taki@; =1, we arrive at the following
new and interesting result after a little simpéion :

r

Dgfﬂ[tﬂn ctw,, (zit)] 8

1=1

2 (N
_ yo+p-1 02:20....20 : |A3:Cs
=X Hooo Tas| o |7
’ B;:Dj

z,X

(22)
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where

A;:(l—o;ld}(l—o—a—ﬁ—n;]:;;g

r r

B3 =[1—0-B:ﬁJ,(1—o—n;Jd]

r r

Cy=[-A 2)..;(1-1, )

* 1 1
D, =(21u11j;...;(21ur,1j

The conditions of validity of (22) can be easilyided from those of (18).
(i) If we reduce the multivariable H-function intetproduct of two Fox H-function and

then reduce one H-function to the exponential fiamctoy taking P;=1, we get the

following result after a little simplification:
Dgf,n (tc—l et HMZ'N{ZthZ (CJ"VJ' 1P D (X)
1Q2
Agi- ;(Cj'y])Lpz

F2.02 (0.3,

_ : Z,X
— O+Bly 0210;Mp Np| 41

22:01;P, Q P2|p* - .
2 sz B4(O,1),(dj,6] 10,
(23)
where
A, =(-01p,)(l-0-a-B-niLp,)
B, =(1—0-B:lpz),(1—0—nipz)
The conditions of validity of the above result da&illow from (18).
Further on lettingZ; — O in the above equation, it takes the form:
_ (C"V‘ 1P
D& (t" 1H';,A2'N2[zzt"2 o D (x)
{ 22 ‘ d;,9;) 10,
— X0+[3—1 H Mo No+2 ZZXpZ‘A*S
F’2+2, Q2+2 B5
(24)

As=(c;y, )lNz,(l—o,pz), (L-o-a-B-np.)(c; v, )N2+1P2
B*S = (dj’6] ):LQZ ’(1_0_B’p2)’ (1_0_r]1p2)

The conditions of validity of the above result foll easily from the conditions given
with theorem 1.
If we put B=-a and make suitable adjustments in the parametexsarrive at a

known result recorded in the book by Kilbas andy842,p.55,Eq.(2.7.22)].
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Further, if we put3 =0 in the equation (26), we shall easily arrive @& torresponding

result concerning Erdélyi —Kober fractional diffetial operators respectively. We omit
the details.

(iii) If we reduce the H-function to the generalizeddht hypergeometric function [8,
p.19, Eq.(2.6.11) ] in the result given by (24), get the following interesting result after
a little simplification.

fog#n = ue s 1) o

0 (C"Vj)l (0.p2).(c+a+B+n,p,)
e |

— o+p-1 2
X P+2q"Q+2|:22X d;.3, lQ,(c5+[3,p2),(0+rl,pz)

(25)
The conditions of validity of (25) can be easilytaibed from those of (18).
If we put3=-a in the above result, we get a known importantltegiven by Kilbas

[1, p.119, Eq.(14) ].
Again if we putB=0 in the equation (25), it reduces to

(o 1w a2 o9

(C("Vj)le(G"'a +ﬂ1pz)]

d;, 9, le(‘”‘ﬂ-Pz)

= X0_1P+1L|JQ+1[22Xp2
(26)
The conditions of existence of the above resulofoleasily with the help of (18).
(iv) Further, on takingz, = -1,p, =1 in the equation (24) and reducing the H-function

occurring therein to generalized Mittag — Lefflan€tion [5], we easily get after a little
simplification the following result which is alseleved to be new.

CHE S M) €
_XOP s (-v).@-01).t-0-a-p-n]
="y H 3 =X
rv) >1 "(02).0-v.u).-0-1).(1-0-n1)
(27)
The conditions of validity of the above result ol directly from those given with (18)
If we put B=-a in the above result, we get a known result duSazena et al. [7,

p.170, Eq.(2.6) 1.
If we put 3=0 in the result given by (27), we arrive at thddaling result after a little

simplification.
i (e E L (D))

_xot lz[—x (1—01),(1—o—a—r11)}
r(v) 1 “(o2).(t-v.u)l-o-n1)

(28)
The conditions of validity of (28) can be easilyided from those of (18).
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2
(v) if we take z, :)\7, p,=2 and reduce the H-function to the Bessel funatibfirst
4

kind in the equation (24), we get known resultsadied by Kilbas and Sebastian [3,
p.330, Eq.(31) to (35)].

A number of several special cases of theorem 2atsm be obtained but we do not
mention them here on account of lack of space.
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