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NEW FINITE DOUBLE INTEGRAL FORMULAE
INVOLVING POLYNOMIALS AND FUNCTIONS
OF GENERAL NATURE

PRAVEEN AGARWAL AND SHILPI JAIN

Abstract

The aim of the present paper is to establish twe firdte double integral formulae involving produaft the H-

function of two variablesgeneral sequence of functiamd the general class of polynomialhiese double
integral formulae are unified in nature and ackesformulae from which we can obtain as their &demases,
double integral formulae concerning a large nunafesimpler special functions and polynomials. For sake
of illustration, we record here eight special casiesur main formulae which are also new and oériest by
themselves. The findings of the present resultsasic in nature and are likely to find useful &mgions in

several fields.
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1. INTRODUCTION

The general sequence of functicﬁ&a”g) [x] occurring in this paper is a special case of

the sequence of functions given by Agarwal and Gbgil, p.1155] see also [11, p.447,
problem (16)] and will be defined and representethé following manner:
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and the infinite series on the right hand sidelof) is absolutely convergent.
The follmg explicit series form ong’"’) [x] for s=0 [3,
p.544, Eq. (1.2)] will be required in the derivatiof our main formulas:
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It may be pointed out thRE:m) [X] unifies and extends a large number of

named classical polynomials and polynomials stubliedeveral research workers.
The general class of polynomials introduced by&tava [ 8, p.1, Eq. (1)]:

[n/m] (-n) K

- mk _
S:“[x] = § —a An’k x +(=0,1,2..)
k=0
1.7

where m is arbitrary positive integers and the ficiehts An k(”'kz 0) are arbitrary

constants, real or complex. On suitable speciaitie coefficientg K Sm[x] yields
n, n

a number of known polynomials as its special caskésse include, among others, the
Hermite polynomials, the Jacobin polynomials, tteglierre polynomials, the Bessel's
polynomials and several others [10, pp.158-161].

The H-function of several variables is defined agpresented as follows [9, pp.251-252,
Eqgn’s (C.1)-(C.3)]:



NEW FINITE DOUBLE INTEGRAL FORMULAE INVOLVING POLYNOMIALS
AND FUNCTIONS OF GENERAL NATURE

(] [ [al@)ale)ole.g) a2 ae,ae

2m)
(1.8)
where
m, _ _ n _ _
N ra-6¢) n ra-¢’+y’s)
__j=1 j=1
@) = a — D —
N ra-d'+o’s) n re’-ne
j=m; +1 j=n +1
(1.9)
n r )
N ra-a+y.a’)

W&, & )= J=1 - Oin{a,...r}
q o p 'y
Nra-b+>p%) n ra-ya’s)
j=1 i=1 j=n+1 i=1

(1.10)

It is assumed that the various H-fiort of several variables occurring in the
paper always satisfy the appropriate existencecangdergence conditions corresponding
appropriately to those recorded in the book by&tava et.al [9,pp.251-253,Eqn’s (C.4)-
(C.6)]. In case r=2, it reduce to the H-functiortwb variables [9, p.82, Eqn. (6.1.1)].
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2. MAIN INTEGRAL FORMULAE
FIRST INTEGRAL
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2.1)
Where 8 is given by (1.4) and

0)
T=(-a, = &ER-E K, 1,60), (B AR = Ak v v ,AQ). (@a A ’O.I?,F;
TZE(bj;,Bj -Bj :O)l,Q1 v(l_al_lgl_ €1+/11R’_(€1+A’])k ;/'11+V1:u 2+V 24§(g+/1 q ]
(2.2)

(i) a,, B,, y, 1, ,V,,V,are all positive, and
Re(@,) + w[Re(d 6, )F 4, [Re(f F )P O

(2.3)
Re@)+ v,[Re(d o, )} v, [Re(f F, )P C
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(iii) Min {{p/]pfl”/]l”ﬂl"/l }2 0, (not all zero simultaneously)
(2.4)

. C
(iv) q

(2.5)
SECOND INTEGRAL
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Where
Ty =(-a, - &Rk 1,60), (- B-AR - Ak vy, Aq)

TZDE(l_al_Igl_(£1+A1)R’_({,:l_+/],])k;#l+v:l!<(g+/] 9)
2.7)
The conditions of validity of (2.6) easily followdm those given in (2.1).
Proof: To evaluate the integral formula (2.1) we exprﬁ‘né"‘?)[x] and G"[x] in its

series form with help of (1.3) and (1.7) respedtivehange the order of integration and

summation and put the value bf[zl, zz] in terms of Mellin-Barnes contour integral by

the application of (1.8).Next, we express the biirterms obtained in the process in
their contour integral form [9, p.18, Eq.(2.6.4)lda change the order of integration, we

have :
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Bt MR +Ak+vE+v 57+A 0s)
( = ; j

1-xy (1-x)(1-y)
(2.8)
Further, integrate the double integral in (2.8)witie help of the following result [2,
p.415]:
T st 28
oo\l xy I-xy) (1-x)(1-y) re+p)

(2.9)
where Red) > 0, Re ) > 0.
Finally, interpreting thg& /7 & S contour integral thus obtains in terms of the H-

function of three variables [9, p.251, Eqn. (C.Wg arrive at the right hand side of (2.1).
The derivation of the formula (2.6) is similar &X).

3. SPECIAL CASES OF MAIN INTEGRALS

On account of the most general nature of H-functmihtwo and one variables,
R(]a"g)(X)andSn[X] occurring in our formulae given by (2.1) and (2.8)large number
of integrals involving simpler functions of one atwb variables can be easily obtained as
their special cases. We however gave here onlyt sfggtial cases by way of illustration:

By applying our results given in (2.1) and (2.6}he case of Hermite polynomial [10] and
[12 ] and by setting

2 12 1
X| » XY*H | —],
SICRECNE
in which casem = Z,Ah’k = (1) ,we have the following interesting consequenceb®f
main results.
(i)
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z

O,N,+2:1,N, ;IN;;11 z,
H
R+2,Q+1:R,QR.Q i1,

T1 : (CJ,V,- )1, P2 ;(ej ;Ej )LP;,, ;(1_V+5n,1)
a| T3 g (1) Fi)q 1 0.D)

(3.1)
The conditions of validity of (3.1) easily followdm those given in (2.1).

(i)
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(3.2)

The conditions of validity of (3.2) easily followdm those given in (2.6).
(2) For the Laguerre polynomials ([10] and )18é&tting S;ll (X) - L(n‘j) in which

caseq, =1 A = N+a) 1  and the results (2.1) and (2.6) reduce to thevatig
A @,

formulae:



P. AGARWAL, S. JAIN

(iii)
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The conditions of validity of (3.3) easily followdm those given in (2.1).
(iv)
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(3.4)
The conditions of validity of (3.4) easily followdm those given in (2.6).

(3) For Jacobi polynomials ([4] and [7]) settirﬁﬂla’/})[x] - FL('B’”)[ ¥ in which case

n

a=b=d=p=q=y=90=1c=-1kK = and the results (2.1) and (2.6) reduce

to the following formulae:

(v)
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(1+8),8(v.t)
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0 k! N, K nirf(v-an
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H
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(3.5)
Where

(=0 (=n)y (v), (1+a+ +n),
t12" (1+ ),

AE

The conditions of validity of (3.5) easily followdm those given in (2.1).
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(vi)
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L/ my (=n,) 0
n/m] (Mg (1), @)
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H c
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(3.6)

The conditions of validity of (3.6) easily followdm those given in (2.6).

(4) For generalized polynomial set ([5] and [6]itisg

R — S“?7[% in which case p=d=1c=-7,K =18 - B /rand the results
(2.1) and (2.6) reduce to the following formulae:

(vii)
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& AT 0N LNGLN, i)
<]
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_Z{l—xyyj [nyj |
-y [nllzml] (_nl)mlk 6" (v,u,t,e)
vute k=0 k! nl’k r(V—5n)
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ON+2 LN LNl | Ti@n)y p i€E)y pi(veany

P+2Q+1R.,Q;P,Q:11 z | . .
NG IPEUR CE
L d ]
(3.7)
Where
pYMK" ~)t (- -t t
HDD(V,U,t,e): ( ) ( V)u( )e(a) (_T)V E
1 viult! d ! b
(-a-m)g e+A+qu _ pe++qu
—(1 oy S an), (—k jn.R’-kn+q|/+t,(k jn.
(3.8)

The conditions of validity of (3.7) easily followdm those given in (2.1).
(viii)

e e
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S| A (e
- Xy p,Q| 1 1-xy
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A — N @7

_v;e k = O k' nl’k r(V_én)
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H C
1R,Q 11|
2 d TD (dl,J)lQ ( ])

i (3.9)
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The conditions of validity of (3.9) easily followdm those given in (2.6).
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