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Abstract

The main purpose of this paper is to derive some subordination and superordination results
involving certain class of integral operators for analytic functions. Several sandwich results are
also obtained.
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1. INTRODUCTION

Let H denote the class of analytic function in the unit disk
A:={z:zeCand|z| <1}
and H|a,n| be the subclass of H of the form
f(z)=a+anz"+ap12" 4 (neN:={1,2,...}). (1.1)
Let A be the subclass of H of the form
f(z) =2+agz* +azz® +--- (z € A). (1.2)

With a view to recalling the principle of subordination between analytic functions,
let f and g are analytic and there exists a Schwarz function w(z), analytic in the
unit disk A, with

w(0) =0, |wz) <1 (z€A), (1.3)
such that f(z) = g(w(2)), then the function f is called subordinate to g and defined
by

f=<gor f(z) <g(z) (z€A). (1.4)

In particular, if the function g is univalent in A, the above subordination is equ-
ivalent to

f(0) =g(0), f(A) Cg(AD). (1.5)

Suppose that h and k are analytic functions in A and ¢(r, s,t;2) : C3 x A — C.
If h and ¢(h(z), zh/(2), 22h" (2); z) are univalent and if h satisfies the second - order
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superodination
k(2) < ¢(h(2), 21’ (2), 220" (2); ), (1.6)

then & is the solution of the differential superordination (1.6). Note that if f is
subordinate to g, then ¢ is superordinate to f. An analytic function ¢ is called
subordinant if ¢ < h for all h satisfying (1.6). A univalent subordinant ¢ that
satisfies ¢ < ¢ for all subordinats ¢ of (1.6) is said to be best subordinant. Miller
and Mocanu [12] have obtained conditions on &, ¢ and ¢ for which the following
implication holds:

k(2) < ¢(h(2), 2h'(2), 21" (2); 2) = q(2) < h(2). (L.7)
Ali et al. [1] obtained sufficient conditions for certain normalized analytic func-
tions f(z) to satisfy

/()
B2

where ¢; and g are given univalent functions in A with ¢;(0) = ¢2(0) = 1.

Recently, Shanmugam et al. [13, 14] and Goyal et al. [7] also obtained sandwich
results for certain classes of analytic functions. Further subordination results can
be found in [15] and [16].

< q2(2), (1.8)

In a recent paper, Li and Srivastava [10] introduced and studied the function
class @ defined by

= { A\ :AH) >0 (0<t<1) and/)\(t)dt =1 (1.9)
0

Fournier and Ruscheweyh ([6], see also [10]) have considered an integral operator
which involves a non negative function

1
A:[0,1] = R s.t./)\a(t)dt =1
0

Many applications of the real valued function A(¢) depends also upon a suitable
parameter a. We thus consider the Fournier - Ruscheweyh integral operator in the
following modified form [10, p. 131, eq. (2.2)]:

1
Nf(z) = /Aa(t)@dt (f € A, (1.10)
0

where the real-valued function A\, and A,_1 satisfy the conditions :
(1) For a suitable parameter «,

Aa—1(t) € D, Ao (t) € @ and A\, (1) =0, (1.11)
(2) There exists a constants ¢ (—1 < ¢ < 2) such that

Aa(t) —tA, () = (c+ DAacr(t)  (0<t<l;—1<c<2). (1.12)
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For I3 operator, under the conditions (1.11) and (1.12) (see e.g. [10, p. 132, eq.
(2.6)]), we have

2T f(2)) = =8 f(2) + (c+ D) I3 f(2) (1.13)

The main object of this paper is to apply a method based on the differential su-
bordination in order to derive several subordination, superordination and sandwich
results.

2. Definitions and Preliminaries

In order to prove our main results, we need the following definition and lemmas.
Definition 2.1([12]) :Denote by Q the set of all functions f(z) that are analytic
and injective on A — E(f), where

5() = {c €08 s tm ) = (2.1

and are such that f'({) # 0 for ( € 0N — E(f).
We shall require certain results due to Miller and Mocanu ([11] and [12]), Bulboaca
[3] and Shanmugam et al. [14].
Lemma 2.2 ([11] , Theorem 3.4h, p.132) Let q(z) be univalent in the unit disk
A and let 0 and ¢ be analytic in the domain D containing q(A) with ¢p(w) # 0
when w € q(A). Set Q(z) = z¢' (2)p(q(2)), h(z) = 0(q(2)) + Q(z). Suppose that
(1) Q(z) is starlike univalent in A ;
(2) R(zW(2)/Q(2)) >0 for ze€ A.
If p(z) is analytic in A, with p(0) = ¢(0), p(A) C D and

0(p(2)) + 2 (2)8(p(2)) < 0(a(2)) + 2¢' (2)b(a(2)), (2.2)

then p < q and q is the best dominant.
Lemma 2.3 ([14]). Let q(2) be a convex univalent function in A and ¢,y € C
with Re (1 + (24" (2)/¢'(2))) > max {0, —Re(v/7)} . If p(z) is analytic in A and

Up(z) +v2p'(2) < q(z) + 724 (2), (2.3)

then p < q and q is the best dominant.
Lemma 2.4 ([3]). Let q be convex univalent in the unit disk A and let ¥ and ¢
be analytic in a domain D containing q(A). Suppose that

(1) R[V'(q(2))/¢(q(2))] > 0 for z € A;
(2) 2¢'(2)¢(q(2)) is starlike univalent in z € A.
If p € H[q(0),1] N Q, with p(A) C D, and 9(p(z)) + 2p'(2)d(p(z)) is univalent in
A, and
9(q(2)) + 2¢'(2)p(a(2)) < V(p(2)) + 2p'(2)9(p(2)), (2.4)
then q < p and q is the best subordinant.
Lemma 2.5 ([12]). Let ¢ be convex univalent in A and v € C. Further assume
that R(y) > 0. If p € H[g(0),1] N Q and p(z) + vzp'(2) is univalent in A, then
q(2) +72¢'(2) < p(2) + 720 (2), (2.5)
which implies that ¢ < p and q 1is the best subordinant.

3. Subordination Results
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Theorem 3.1. Let q(z) be univalent in the unit disk A, 0# € C and 0 < p < 1.
Further suppose that q satisfies

R (1 + Zggg) > max {0, R (g) } , (3.1)

and conditions (1.11) and (1.12) hold. If f € A satisfies the subordination

a0 (7o ) 0000 (Bt D) (555 ) <0, 62

I3 f(2) IRf(z) ) \IYS
then
z "
F Yy <qlz), 3.3
(z7) =< 33
and q s the best dominant.
Proof. Suppose that
nw
z
h(z) = =—— ] . 3.4
=757 (34
Differentiating (3.4) with respect to z logarithmically, we get
2l (2) ( Z[Ii“f(z)]’>
=pll-—). 3.5
IO 1Y 5 (35
Now, in view of (1.13), we obtain
21 (2) ( I;\l_lf(z))
=pu(l+ce)(1l——"—+— 3.6
e MO TG (30

which in the light of the hypothesis (3.2) of the theorem yields the following subor-
dination

=)+ 2ol (2) < al2) + o (2 (37
An application of Lemma 2.3 with v = 3/p and ¢ = 1, leads to (3.3).
Taking ¢q(z) = ﬁ_gz in Theorem 3.1, we get the following result.

Corollary 3.2. Let - 1< B< A<1,3+#0 and

1- Bz n
ace(HBZ)Max{o, —%(ﬂ)},

Also, the conditions (1.11) and (1.12) are satisfied. If f € A, and

(1+6-+c) ()_ B(1+0 (I;HM) (z;z@ ) (Lt P

I3 /(=) I3 /() f 1+ Bz p(l+ Bz)
(3.8)
then
z 14 Az
3.9
(If\“f(z)) = 1+ Bz (3.9)
and 4z s the best dominant.

1+Bz
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p
Putting ¢(z) = GJ—%) , 0 < p<1in Theorem 3.1, we obtain the following

result.
Corollary 3.3. Let 0 < p <1 and

1+22+2
R () s oo (5) ]

holds. Also, the conditions (1.11) and (1.12) are satisfied. If f € A, and
z ’L_ Z;f_lf(z)) ( z >“
a0 (gr7es) o0 (5 (a7
1+2\" 8 2z 14+2\"
() ) ) 510

(Ii“;(Z))u B (ﬁ)p (3.11)

is the best dominant.

then

14z L
1—2z

Theorem 3.4. Let q be univalent in the unit disk A and f € A. Suppose that
zq'(2)
q(z)

and (

1s starlike univalent in A and q satisfies
3 20 o 2q'(2) | 24" (2)
§R(1+qz +—q°(z) — + >0 z€N;0,&,6€C;8#£0).
F1OTFCE G ( 7Y
(3.12)
Suppose also that the conditions (1.11) and (1.12) are satisfied and
YA &m0, 8,7, 65 2) )
m

n
=7+ (mmremere) O (omrerEe) (3.13)

_ A=) IR () 4TS f(2)
+oule+1) (1 (lfn)Iif(Z)JrnIg“f(Z))
(zeA;0<n<1,0<pu<]).
If
2q' (2
VO E1.0,0.7,052) <+ a(2) + 0(a(a)f + 44 gy
then
( : ) < (3.15)
= < q(z), 3.15
(1 =mZgf(2) + 03 f(2)
and q s the best dominant.
Proof. Define a function k(z) by
I
z
k(z) == ( - ) . (3.16)
(L= f(2) + T3t f(2)

Then a computation shows that

2k (z) . B
i = e on (1

(1—nI3 ' f(2) + Ufi‘f(Z)) '
(1 =mI$f(2) + 0I5t f(2)



S. P. GOYAL, P. GOSWAMI, ZHI-GANG WANG

By setting

O(w) := v + Ew + dw? and P(w) := ﬁ,

w
it can be easily observed that f(w) is an analytic in C and ¢(w) # 0 is an analytic
in C\ {0}. Moreover, we let

z) = z2q (z z)) = 24 (2)
Q) = 24/ ()ola() = 525,
and
p(2) = 6(¢(2) + Q=) = 7 + €a(z) + 8(a(2)? + A2LE 3y

q(2)
From (3.11), we find that (Q(z) is starlike univalent in the unit disk A. Also, from
(3.17), we get

Zp’(z)> ( 3 26 2 2 (2) zq”(Z))
R =R(1+Zq(2) + — - + >0
(55 CA R A e

An application of Lemma 2.2 to (3.14) yields the desired result.

Upon setting ¢(z) = 4% and n = 1 in Theorem 3.4, we get the following result.
Corollary 3.5. Let f € A, and 0 < p < 1. Further suppose that

R (B + e + 20e*47) > 0, (3.18)
and the conditions (1.11) and (1.12) are satisfied. If

z i z 2 Iy f(=) Az 2Az
. (7I§f(z)) ) (7:;,»@)) + Bu(c+1) (1 - T;ilf(z)) <oyt geMt 4 §eAT 4 BA,

then
z " A
<I§‘f(z)> <e , (3.20)

Az 4o the best dominant.

and e
4. Superordination Results

By Lemma 2.5, we obtain the following result.
Theorem 4.1. Let q(z) be convex univalent function in the unit disk A, and

m
0 < p < 1. Suppose that Re () > 0 and (%) € H(q(0),1)NQ. Let

o (s ) - pre (Bt (=)
weiei (i) -n0+0 (Grr) (g7m) 0
be univalent in A and conditions (1.11) and (1.12) are satisfied. If f € A satisfies

das Lo (i) oo (B85 (i)

q(z)<< : )lt, (4.3)

then
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and q s the best subordinant.

Proof. Let
p(z) = (If()) (4.4

Differentiating (4.4) logarithmically, we get

B_, =\ () z \"
p(z) +=2p(2) =(1+B8+8c)| == | —B1+c ~ =
B ) = Nzyw) 9 e )\mre
Theorem 4.1, follows by application of Lemma 2.5.
Taking ¢(z) = 142 (-1 < A < B < 1) in Theorem 4.1, we easily get

1+Bz
Corollary 4.2. Let -1 < A< B<1,R(B) >0 and 0 < u < 1. Suppose that

(I)\”;(z)># € H(g(0),1)NQ

and conditions (1.11) and (1.12) hold. If

weoem () -o0eo (i) () 09

be univalent in A and f € A satisfies the superordination

B(A—B)z 1+ Az 2 . T8 (2) z a
oL+ B2 133z ) (Iﬁ‘f(z)> ~A+e) ( 57 ) ) (Iﬁ’f(z()4)6>’

then

1+ Az z a
4.
1+ B2 (Igf(z)) .7
and (1 + Az)/(1 + Bz) is the best subordinant.

Theorem 4.3. Let q be convex univalent in the unit disk A , 0 < p <1 and f € A.
zq'(2)

Suppose that )

is starlike univalent in A and q satisfies

%<1+%q(z)+%(q(z))2) >0  (2€A;6,6B€C; B#£0), (4.8)

and

(T rmTm) Mone

Also suppose that (A, u, &, n,«, B,7,9;2), is defined by (3.13), is univalent in the
unit disk A and conditions (1.11) and (1.12) hold. If

2q'(2)
q(z)

v+ &q(z) + 6(q(2))* + B <\ &, o, B,7,6; 2), (4.9)

then

z

1) < ((1 = I f(2) + Iyt <Z)>

(4.10)
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and q s the best subordinant.
Proof. By setting

I(w) := v+ Ew + dw? and p(w) =

RIS 8}?3

It is easily observed that ¥(w) is analytic in C. Also, ¢(w)
Since ¢ is convex univalent function in A, it follows that

ﬁ'(q(z))) (s 2 )
Pla(2) U )
The assertion (4.10) follows by an application of Lemma 2.4.

5. Sandwich Results

0 is analytic in C\ {0}.

Combining the results of differential subordination and superordination, we state
the following "sandwich results".
Theorem 5.1. Let g1 be convex univalent and let go be univalent in A, and 8 € C.
Suppose that R(8) > 0, 0 < pu < 1 and ¢ satisfies (4.1) and qo satisfies (3.1),
respectively. If

(I;x;(z)y € H(g(0),1)NQ

and

z " 3 971 f(2) ( z )“
w0480 (z577) oS (w7
be univalent in A and conditions (1.11) and (1.12) are satisfied. If f € A satisfies

() + 2241(2) < 1+ 8+ 60) (5 ) — 00+ (Bert) (5)
< @2(2) + D2q5(2),

then
. w
qi\z <<> =< q2(%),
G \zrm) <t
and q1 and qo are the best subordinant and dominant, respectively.
Theorem 5.2. Let g1 be convex univalent and satisfies (4.7) and let g2 be univalent

and satisfies (3.13). Further suppose that 6,8, € C, 8 # 0, 0 < u < 1 and
0<n<1and

<(1 — IS f(z) + nzgﬂf(z)) € Hq(0),1] N Q-

Let (A, &,m, e, 8,7, 05 2), defined by (3.13), is univalent in the unit disk A and
conditions (1.11) and (1.12) hold. If

2q2'(2)

02(2)

zq1'(2)

q1(2)

then
z

00 (e TaTm) <
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and q1 and qo are the best subordinant and dominant, respectively.
6. Further Applications and Observations

By assigning appropriate special values to the various parameters involved, we can
derive several interesting applications of our results associated with many classes
of linear operators. For the sake of illustration two useful choices of A, (t) will be
considered here for Theorem 3.1.

Setting

Aalt) = %t <log i)al (a>0)

in (1.10), we obtain the integral operator P% given by

z

P(t) = zl?(aa) O/ (108 %)a_l fdt (feAa>o0).

The integral operator P¢ is essentially the same as the multiplier transformation
I* due to Flett [5] and studied subsequently by Li [8], Li and Srivastava [9] and
many others.

In the case when a > 1, the conditions (1.11) and (1.12) are satisfied for ¢ = 1
and Theorem 3.1 yields the following result.
Corollary 6.1. Let g be univalent in the unit disk A\, 0 # € C, and 0 < p < 1.
Suppose that q satisfies

(o 9) o 2 (3)}

If f € A satisfies the subordination

oo (i) - () (i) <o+ S

then
<Paz(z)> < q(2),

and q is the best dominant.
Taking

Aa(t) = <O‘;”5>a(1t)a‘1t/@ (a>0;8>-1)

in (1.10), we obtain the integral operator Q3 given by

(07

z a—1
@35 = (“TP) 5 [(1-4) e (e das 0,
0

where, as usual,

(5) = et (2)) e
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in terms of familiar Gamma functions. The integral operator Qf f (z) is equivalent
to the convolution operator L(a,c) of Carlson and Shaffer [3].
In the case when

a>1, B>-1, and 0<a+ (<3,

the conditions (1.11) and (1.12) are satisfied for ¢ = o+ 8 — 1. From Theorem 3.1,
we get the following result.

Corollary 6.2. Let g be univalent in the unit disk /\, 0# 1 € C, and 0 < p < 1.
Suppose that q satisfies the condition

) > oo (5)
R (1 + 70 >max <0, —R 3 .
If f € A satisfies the subordination
' Q' (2) =\ 3

z /
i\ ggre ) M g )\ ) )
then
5 H
@it ) <

and q s the best dominant.
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